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PARTI. 

Section  1.   Definition  of  the  P-funct ion. 
Conceive  that  a  function  exists,  which  has  the  following 
properties  :- 

1.   It  is  finite  and  continuous  throughout  the  plane  of 
imaginary  quantities,  except  at  the  points  x  -=  a,  x  ^  ^,  x  —  c 
<J.   Between  any  three  branches  of  the  function  P ' ,P' ', P' '' , 
there  exists  a  linear  relation  with  constant  coefficients, 

c'pt    -  c"to"  -»  c'  •  '  ^'"-fl. 

3.      The    function  may   be   put    in    any    of   the    forms 

01)  W)  ((3'  (&')  (/) 

CP-fGP         C,,  P    f    C  ,P    „   C    P    4    c 
<tf  4'      ?V       i     (i  ■    7     f  ) 

WTiere  £,    €>  f  €  La' <C    i  'are  constants  ;  and  the  ex- 
pressions  P  C%~a)      }     ^        C*-«J 

bec&l&kL  neither  zero  nor  infinite  when  x  ^=  a  ;  likewise 

JQ1   /r0        ((*'l      Jr*' 

P6c-4/    ,      P      (x-f/       are   neitlier   zero   nor    infinite    for   x  =  b 

(p(r)     _y  tp(r^  -r' 

and  /  (x-c)    ,      I  C\-  C)    '  are  neither  zero  nor  infinite 

for  5f  —  c 

By  these  properties,  the  P-funct ion  is  completely 
defined,  except  that  it  contains  two  arbitrary  constants.   It 
is  designated  by  the  symb< 


P 


>o1  P  \±      a  y-x  [ 
f  jf    p'  y'    j 


(3) 


* 


Section   2.       The    quanti ti  esO((,a^  ,    Q,$f  >f'W  • 

These    quantities   may   be    anyth^g  whatever    subject 
to   the   conditions    ; 

1.  None   of   the   differences  Ojf  -  «(•  ,  f$~fi  j  TJf' 

shall    be   an    integer. 

2.  The  sum  of  all  the  quantities  is  constantly  uni- 
ty, ?.*.     oc-i  j'^p-i /b'-  f~t-f'=  / 


Section   3.      Properties    of   the  P   -    function. 

1.  The    first    three   vertical    columns   may    be  -aitchanged 

A 

at   pleasure.       For   when    the    defining    conditions    are    applied   to 
the    three    functions    so    obtained,    no    distinction    can   be   ob- 
served between   them;    hence   they   are   identical,    provided  the 
conditions   actually    define   a   function. 

2.  In   the    same   way,    we    see    that  a(  may    be    interchang- 
ed with  o^'  ,   B  with  fl'  ,    and  y"with   V'  . 

3.  Let  X  be   replaced  by  ^  ,    a  rational    linear    func- 
tion  of  X>    so   taken   that  wheij^ 

theitf,  the   two    functions        f\  ^    ^  y       (         ?  yJ  4  ,  fi  ,   y  y' 

'"' h'  J         h'-Kr    J 

(4) 


are  equal.   By  this  transformation,  to  be  fully  developed 

later  on,  every  psrfunction  may  be  expressed  m  terms  of 

A 

another,    whose    singular   points    are      &,  c~>^  s    /,       Brit    every 
function  having   the   same   °i,d''  /8,I&Z  X*  Y         may    thus   be   put   in 
the   form     ?  J    at      fl      Y  v  i    ,  and  our   definition  will    then 

/  *    W  r'  J  p  , 

make  no  distinction  between  them.  That  is:  TfAX  P  -  func- 
tions having  the  same  exponents ,  ^  dj  @  ft-  y  y '  may  be  re- 
duced  to  the  same  fimction  P  J  <X    /§  ^-  \  r  which  may 

be  briefly  written  P  f^r^*   ^  x/ 

According  to  the  linear  expression  in  T£  which  we 
choose  for  the  variable,  the  points  &  3  <?°  j  /    may  appear  in 
six  different  ways,  corresponding  to  six  modes  of  propagation 
of  the  function  in  the  plane  of  _%*•   They  are  - 


r 


i 


■\  '  '\:<1r^P:4.i-  ^Pm 


■< 


j     l 
\ 


*?0 

r 

r 


*-»  J  j 


\n 


TO 


/   0      -TO   / 


r 


Section   4.       Transformation   of  Exponents. 


•  We   shall   have,    by    definition,    the   product 


? 


c<* 


J~ 


neither  0   nor  7°  for  x—  a;  hence,  consistently  with  all  that 


precedes  we  may  write 


y.   <*7 


(5) 


i 


*jL 


j- 


P        =  u-./         'a  4/  ';   ? 


r^o,  ^^r)^ijrr'^^ 


V 


?. 


(PLIJ    .      ..-f *><:?•>         f     -  iYJ 


<T  sz%trJ 


-u-tr  -«/;    /?  "-.t«-~>rc.-iT  ? 


.  <rT  <r>J 


•2?^*j^-     £yjC*  <ac^C*-4*-c~<^3      t£sz£-~    fetes    ft 

Pi* 


4       C 


<£     e 


*)~&&{iz;H 


If  the  ?-  function  be  in  the  reduced  form 

P  A  4       0>    Y~    x 


I  a  '  p'  y 


then  in  the  region  of  the  point  jo  either  branch,  has 
the  fom,  (&*(*.+    %   -  %,    - )^<d)°^i 


.because 


p  7  j  »  /a'  *  *"  /     liad  *n  the  region  of  the  noint  v5? 
form  ^JJ^^+a'Cv -6)+<Ll(* -4J%"'    J 


and  a  transformation  of  such  a  nature  that  when 
X-  ^         X  '  shall  become  infinite,  can  only  be  of  the 

form  V-  4   —  -rr>  i«   hence  the  transformed  function  in  the 


(•3) 


region    of   the   pointy  has    the    form 

It    follows,    that,    P    /  t'fr'y'  ^lO'^^X^ 

will,    in    the   region    of   the   pointy,    be    of    the    form 

ft         X?       /  f  ^a'~      X&        /  where  j/       and 

"\T  ^ are  neither   zero  nor   infinite    for  "X  =  ^Clearly    then, 
putting    this    in    the    form  <J>^  rp(P'J 

&  f     C(3'    ' 

we  see  that 


are  neither  &   nor  *y  at  the  point  -yo  \    hence, 


'X 


the  first  and  last  exponents  being  transformed  by  the 
rule  fo-nnd  above. 

J^o—noe  o   and  €•  may  have  any  values  whatever,  and  tins 
romark  permits  ns  to  draw  the  following  inference  : 

The  values  of  any  two  of  the  exponents  may  be  chang- 
ed at  pleasure,  by  introducing  proper  multipliers;  but  the  sum 
i-t  4 't  fi-f/i'-t-y-f  V*  must  remain  unchanged,  and  always 

equal  to  1.   The  differences  d~<*'}  ft-  ft',  /—  /"  '      must 
also  remain  Tinaltered  in  absolute  magnitude.   In  other  words, 

(7) 


the  prochict  of  a  P  -  function  by  factors  which  fulfil  the 
above  conditions,  may  be  expressed  as  a  P  -  function. 

Again,  P  -  functions,  in  which  the  dif  f  erences  f*~  J 
p  p',r    t'     are  the  same,  can  differ  only  by  determinate  factors, 
as  the  following  table  will  more  fully  illustrate.   The 
transformations  involved  will  be  considered  in  Part  JJL. 


^(  *  ^'/'xj- 


) 


i 


(i-x)  \*rc  v 


* 


O-o'STLl 


J'~* 


Q-n-tjr'  r-r'   ) 


T      (fl'ct'/'     V=- 


) 

) 


/  ,  ^''prt-^'  S-rP'+y'     y 


0-.  W 


liol'f'fi'      X    l) 


/  @=*J     (x    ,)      ?(*'-*      rV^  Xf) 

(/  *)     Ik,J     'I     c       rV  ^     0     y  /  J 

(,  x)     Lx    /)    I  (\       f'+t'+a      ?''-  3   tr) 

i    )$yx   x*  Pr°     r-t^*,  ft-   'jl\ 


(3) 


X 


Lh 


Lx)    £  yj      f[    e>      t'-tft'-tr1       0       *  J 

(>J   chcy?(r'r  *'-?/> '+r       "      XJ 

[x  )    L  -y  J    /  (     o       dt'-trb-tr'  *  J 


r 


<°>  *. 


?(h'"" 


x*o-*>rr(rcL 


a 


4' 


y' 

r '        0 


/-X 


r   a'-fot'-ff 


/    x 


x*6-xyp(fL 


) 
J 

J 


a  r  °t    J- 


p  re*  r  *    m.\ 
rip'f'ct'  i~x  J 


\  a      /  o         Y-f  *-+&      f 


bfr)  (A)  ft 


(9) 


Section   5.       Case  where 


/  CO  I         ) 


Bv    section   4,    this    may    always    be    reduced    to    the    par- 
ticular   case  V  =~o,   0\'    -      -    t   We    shall    then  have 

and   the   function   is 

(    0      Oc       J 


i  i  I,  x  J 


1  €    «  '  r 

In  the  r  egion  of  the  point  X  —  0  the  function  may  by 
definition  be  put  in  the  form 

/j     c, ( 4. +4*x +  «-***--•')  -f--e,'x'*fa'+«'*-+"**9*"th 

in  the  region  of  the  point  infinity, 

and  in  the  region  of  the  point  "X:— :  1, 

the  series  being  convergent. 

If  now  we  write 

x  —  z  or  x  -  z  , 
) 

the  series  fl)  will  no  longer  have  the  point  z  ~  o  for  a 
branch  point,  since  it  will  contain  no  fractional  exponents. 


(10) 


The    series    (2)   will    become 

and  the    transformed  P   -    function  will   have    the   point ^c    for 
a  branch  point  with   the    exponents 
The   series    (3)    becomes 

for  which   the    points-/-!    and — 1    are   now   branch   points,    each 
with   the    exponents       yf  fft 

Kence    the    substitution      x     -z    yields    a   P   -    function 
whose   branch  points   are  «/-l»  — 1   and^with  the    exponents 
///>  f>f''    ■Pftj2-®'  respectively    ;    and   in^as/much   as 

we   have   altered   only   the  mode   of   propagation   of  the    function, 
we   may   write 


The    sum   of  the    exponents    is    now 

If  the    difference  is    an    integer,    the 

function 

r'  *-p'      r»     * 

no  longer  corresponds  to  the  definition  of  a  P  -  function, 

(11) 


and  before  effecting  the  transformation  yx=z  upon 

we  should  so  change  the  exponents  v.  #  j  y}  y 
that  this  may  not  occur. 

Section  6.   <*'-<(-£'/$'-&  ~  <%j  ]>  5  *  /*/ 

In  the  region  of  the  point  Q  the  form  of  the  function 

is  (f)        e,  [ft,-*  c,,k-+...  J  -+  e*/k*  CiJ  +  t/x-*"  3 

In  the  region  of  the  point  r?o 
and  in  the  region  of  the  point  1, 

h 

If  in  these  we  make  X  —  Z,  then  the  pointy '4   x  ~  o 
and  x  ~?o  are  no  longer  branch  points  for  1)  and  2)   respect- 
ively while  3)  becomes 

p   being  a  cube  root  of  un i t y $  u&iah  has  for  branch  points 

3  / 

f>  p'L)  f>  each  with  the  exponents  Y»  y , 

Hence  by  the  transformation  X  =-  7,   we  obtain 


(12) 


o        "*° 


c. 


0 


(0        pi- 

■ 


?  *  1-?  7      ,      r       r      X 
si       t  -  I     L     -y*       yi        r' 


4    ^     r'  J "' '   L  r    r'    r' 

Here  we  must  have    y -t  /"'   f  c**t  2  &  ?(ytr'j     / 

as  it  should. 

Section  7.   Applications  of  the  preceding  transformations. 
Let  the  differences  d-d)  \     ?'}     y-  be  denoted  respect- 


i  /  *   g  y    J 

ively   by  \)u,)  V  '    arid  the   function  P    (  y '  -.  i  y,   \J  by 

/-* 

Since  the  values  6|,>',  1   for  4  correspond  to  the 

A 

values  /,  ry=>,    o     for  x  }  therefore,  by  Section  3) 

by  Section  5)Moting,  that  the  values  -1,9°,  1  for/~x 

r 

correspond  to  0 }  no  t  /    'tv-r  we  obtain  finally, 

(i)  %,*  ij'-x)-Trt,«./",*f~  f(^^  v«  ^ ). 

By  these  relations,  P  -  functions  which  have  two  dif- 
ferences the  same,  or  one  difference  equal  to  1/2,  are  mutuall 
expressible. 

Again,  observing  that  the  values  0)o^J  /     for  x  cor- 
respond to  /,  0,-1°     '#u~^r     T^x    j  it  follows,  that, 

pa,i,',*)=T(i"A'&)~v {f,   I    f,  *  [I 

if  Y- J^-  y  [  And,  since  the  values   /,  0     0   ^vx 


9 


(13) 


corres 


pond  to    o,^,^  jm=     ,  „    jLJ46U- 

?i}>  r,,  ^y  =  ?^^,  far  J. 

Put  /  >  then   because   two   differences 

afe    the    same    in   P    (  \/,  vf  V ,      X;J         ^   wo   may    apply    equation    (1) 
and  tins    obtain  P    (lftVtf,X>  ^  ~  ?  (  ^  >  '  '(  J  Vj  (Xx,~  ')*) 


And   again 
P 


/ 

Writing      JT^     -=-  Xv  we    find   that 


and    if      t^-jl^Xr,      ?(i>^    P*<J-?(P$^,M 

—    r  L<i  >  ?  ^  -$,  .  a___  ^  y  _,  -  x^ , 


Thus   we   have 


(14) 


all  mutually  expressible  t 

Making       ^   l^_     yj     4s-*-      find  also 

and  making     ... 

(4)  Pf*,r,    fjAj*    fdj**,    %,    ^£^J, 

The  function  ?  ( &,  %,  S,  X ')"  ?  (*,)>  V,  ~)^y      O  J 

and  writing  y  /  this  becomes   <p  { ^   ,    y  x)    ' 

and  by  making  X  ;=•  y^~   ;     it  again  transforms  to  /fi/,l^/,x), 

(We  shall  recur  to  this  function  in  Part  ft.  ) 
Section  8.   Study  of  the  Reduced  function. 

To  study  more  completely  the  reduced  function,  let  a 
cut  be  drawn  from  1  to  -f  >=   and  from— ">to  o;  so  long  as 
the  cut  is  not  crossed,  P  ( V  $'f     V   )  is  uniform  and  contin- 
uous,  and  T  ,  f  j  r    t/     j  r ,    I  are  uniform  functions  of  X, 

whtfAvalnes  are  known,  except  constant  factors  depending  on 
P     f  1   C      CJ     P       C    >  when  P  is  known.   By  hypothesis 


P-.  e4r^e,r 


< 


when£jg 


y  ,  y        are  uniform  in  the  region  of  the  point 


0, 


(15) 


Hence    if  X  makes    a   tonr    around   the    point    0   we    snail   have 


e> 


The    determinant  /  Lam'  »t-*'/rt 

°{ 

is  not  zero,  since  °t     ^   is  not  an  integer;  and  therefore  P 

and  P   can  be  expressed  linearly  in  terms  of  P,P'  .   The  same 

is    true    of  P    ,f         and  J1  ^  f  ^       Tt    follows,    that ,  T^f>  <     can 

be    expressed   linearly,    with   constant    coefficients    in    terms    of 
13      *> 


l3  '  ' 

tpfi       or  a->  >-    ,<pY      Accordingly  we  make  the  assumptions 

We  may  express  these  equations  symbolically  thus, 

Yf^'j  J  (   ?'  where  'jf  denotes  the  substitution 

/  /    *'  /    ,   and  from  this, 

c/  ir'j-  if3'). 

If  now,  X  makes  a  tour  around  the  point   Q  we 

^  if    I 

shall  have,    denoting   by   3   the    effect  £92/      ■)    '  *<  / 


e 


~srr></rtW 


(16) 


Since  J     is  evidently  commutative  with 


o  ,. 


Hence,  separating  symbols,  we  have  f 


or  ffrj 

Likewise,    if  C   denotes   the   effect   upon    Ift*  J 
around   the   point   1,    we  have 


of  a   circuit 


e=     Jf   l     #         & 


~>*u. 


- 1 


<<r      * 


wh  e  r  e 


r 


*r' 


Finally,  if  A  denote  the  substitution  caused  in  f^?4" 
by  a  tour  around  the  point  0,  we  know  that 


iS/llft^  if- J 


since  there  are  no  other  branch  point s^Qirt  follows  that 
/  J£ 

by  forming  the  products  of  the  determinants  of  the  substitu- 
tions.  This  is  consistent  with  the  hypothesis  that 

We  may  now  further  investigate  the  quantities 


^,«V'    <><>>    ^r'j  J'i^'t 


as    follows, 


A   negative   tour   around   the   point    0 ,    changes/       to 


but/^-y  (P-t^ t  (P   '  ;    hence   this    tour    changes^  f-/-^' ?       to 


—  grr-H- 


(17) 


: 


r°L^  9^  ^.pr\ 


—  fKZTof  L  *m  a(  -    '-'  - 


Making  now  a  negative  tour  aronnd  the  point  3£»  and 
denoting  its  effect  on  '      by  S,  we  have 

Bnt,  the  combined  effect  of  the  two  tours  is  that  of  a 
positive  tour  around  the  point  1;  therefore,  since 

we  have 
jrr*™^  '±4rJf*r'p±4r*£-*r'£'pr\  whence 

i )     -&  tip*      (*>%*.£.  r  J~ *?r i-   -*■  <i  t  (l  '   r  , 

In  a  manner  precisely  similar,  we  obtain  the  equation 
Multiplying  1 )  by  -£    ,   C5~  being  arbitrary,  ^^ 

From  this  subtract  of   *>  Y  ,   ^    '(pfL^    tf>  £  4  ,Q> p '   multiplied  by/ 

'Ve  thus  obtain 

GfftP*(--e       +  4,  y/-^,^  (£.  L       J 


Remembering  that     -  £~  '^  vi*Llc  &   -this  becomes  , 
omitting  the  factor  J?  L    , 

3)  V^  ^-^^'^^^^ 

-^  P'^'SL  Gr-r)*--*-  otr.  vty'r'Q-  (r-r'Jrr. 


(18) 


Tn    like   manner    we   obtain    from  2"^— *.  ^y 

(4)    vyV^l^^,  ^(pi-^'^^^^trlTT 


r 


*'r  (P,sr//^(<T-~rJrr--+j'r  frjirtr  SLL,(<r-r>j/r. 


We  may  so  determine  (F°in  each  of  equations  (6)    and  (4)  that 
one  of  the  functions,  say  /     shall  have  its  coefficient 
equal  to  0. 

To  this  end  S-^-L^-fJ^     must  —  o  j      whence  cr--  /- ' 
must  ■=■  &,/,  2. }  .  ..  , 

That  is,  fTlnust^y^"   or  differ  from  it  by  an  integer 


only;  choosing  &~-=-   y> 


; 


equations    (.5)and    (4)    become 


'41 


< 


6   -v  ll°i-+&}  , 

4  £LL4-*p-ty,>7r+4.  P  e 


,      £__  ''<+^ 


£fr#tfl+r  'J/T=«,  r 'z^'KSL  jy'j  tt 


[Q)A?'~*  _--    ^    V'T^    pi'^l 


■"* 


&>  c+ptyryr  ?  * rrcrs^  <Ar& 


Eliminating  /    we  find  at  last  the  homogeneous  equation  in 

?<*,  IP*3': 


r 


k.    <-p&   -iriifi+f*)   r\ 


r 


.  ? 


7 


8 


But  since  J®   is  not  equal  to  &' ,  — —   cannot  be  a  constant; 


(19) 


being  neither  0  nor^o  for  X  -0°j  which  is  the  same  as  saying 

that  each  of  them  has  a  term  independent  of  X. 

Let  0/d       -/o'        be  these  terms;  then  ^tt^h'   ■   — -^ -/■  '>•• 

ana  m-_  (ir0  ■**'(&.+... ,; 


/po'    LA/      V  <V 


which  can  not  be  a  const  ant  ^t^&^sco   /3  =  f3 , 

Hence  the  coefficients  of  f?    and  f '   must  separate- 
ly vanish,  and  the  following  relations  result  ; 


Again,  if  we  eliminate  P       we  shall  have^r^  y-    and  as  before, 
or  simply  by  interchanging^'  and  y    in  7 ) 


Prom  7)  and  8)  are  obtained  the  two  following  values 
for  the  ratio      \'  ol 


£_  .   f 


l  • 


But    since   <f+j(/-+p-i  $'+. j-_f.  rf_-_  /  the   first  value  may   be 

(20) 


written 


and  remembering  tha 


t    oi^  c/r--  dj^=  £_  ©- 


this  is  seen  to  be  the  same  as  the  second  value. 

The  four  relations  in  7)  and  8)  are  all  included  in 
the  symbolic  expression 

4#*  =  / 

which  in  fact  we  actually  employed  under  the  form 
Having  thus  three  of  the  ratios 


1* 


t         x>0  °iQ>        y 


"r 


<^J^J^f. 


expressed  in  terms  of  the  fourth,  it  is  apparent  that  three  of 
the  quantities  ^.^'j*/,  <£',  %>%>)  ^^' 

may  be  expressed  in  terms  of  the  remaining  five.  Clearly, 
there  are  no  more  relations  between  them,  for  a.*  /I  ' 
applied  to  each  of  the  equations- 


f                                  (i                      (4 

—       A3            ~t     <*  g 

"  \ 

( 

(ai) 


- 


can  give,    one,  and  only  one,  relation. 
But  from  the  relation 


^etfU^.P"' 


where  (?    and  (P.,    are  arbitrary,  together  with  the  relations  9), 
when  a  particular  value  is  assigned  to'X,   they  may  be  com- 
pletely determined  ;  and  so  determined  that  each  shall  be 
finite. 

If  P.  is  a  function  with  the  same  exponents  as  P,  then 
by  a  proper  choice  of  the  initial  values  and  arbitrary  con- 
stants, we  may  make  any  selected  five  of  the  quantities 

the  same  in  each.   The  remaining  three  will  then,  as  already 
seen,  be  the  same  in  each,  and  we  shall  have  the  following 
identical  relations: 

/    -  J.  (r    -f  v  r    n        /  -  a    r  -*  j     r 


whence 


1 


identically. 
,.  ixfJ'oT  in   precisely    the    same   way,  ,  O.^.V^ 


- 


(22) 


Id*'*  •'oV 


We   notice   that    it^^—P*  f*)    be  multiplied   by^ 
it    becomes    a  ■•iniform   function    in   the    region    of    V—         which   is 
neither    0   nor  0°  for    X-      <9    :    the    same    is    true    for^p   ,^'  f  ftj(!-)~ 5 
for   X=^    ;      and    of    ^/>^P  £  tr'f,  t)  0-  *)~r 
for    X—  1 .  ^  >  ~/c '   /    t*^>-e-     &*-  c~i^L&<y  -c^i/A^t  &^  J^ti-iU^Ly  > 

Writing  therefore 

10)  ^^^^V*^^ 


the  first  member  is  clearly  uniform,  and  continuous  at  the 
the  point  0;    the  second  at  the  point  1  ;  hence  both  members 
are  uniform  and  continuous  in  the  region  of  0  and  1.  But 
(P^/P^     /P^P^)   Y  S"M^  is  "niform  ^^  continuous  in 

the  region  of  7°  ;  the  same  is  therefore  true  o?(/Z $ -f'fl  J X~'(,*xj~r~~ 
which,  for  X  ~Ja ,  contains  the  factor  ^  (3-t0'—l 

-  V  * 


ar 


Consequently,  (jP  P,       -P*P,    )*      0~x)~r  *      has  no  singul 
points.   Tt  is  therefore  a  constant. 

Recurring  to  the  identical  relation 


of  which    the   second  member  vanishes,     for  X  —  ?c  ,    since 

(23) 


ip^'^V'3/3^  is  finite,  for  X  -?o  .   Hence 

(P^P,*'-    fp*'  f,  ^Jx"*'  *'(/-  K)~  r~  vanishes  ,  for  X  =  -yo  . 

Its  value  is  therefore  always  0,  and  the  inference  is  immedi- 
ate that  (P  *$>,  *-  {f^'/P,  '*-=,  o      '      whence 

In  the  same  way  wo  find 

the  third  member  being  obtained  by  combining  the  ratios. 
Likewise   _£/!  iT=  V^[i^   ^  « 

Now  ~-p£,        is  uniform  and  continuous  at  the  point  0  ;     ;,  at 
the  point  7°  ',    and — ,   at  the  point  1  ;  hence  -^    is  every- 
where uniform  and  continuous;  unless  for  some  value  of  X  other 
than  0,/>°,  or  1 ,  P   and  P    both  vanish,  in  which  case  all 
these  relations  become  illusory.   But  this  cannot  happen,  for 


by  aid  of  equations  9)  we  may  write 


/i;Vf#'f-f^r^ 


A'a   I         „    /  *.  *r 


^.cu  m  =  /<  ,  j     /    /r-    Id   ,      A*     /  v  And 


v 
does   not   vanish    for  X  —  0,    it    follows   that    P   P        is    zero    of 

(24) 


the  ordor  \-f   ^'         ?or   X  =  0.  and  conseqnw+  ly  that 


p 


*    J, 


/  </« 


/  0*    < 


is    zero    of   order  M  -<■  ^  ~  <  for   X  —  0 


Likewise , 
1 
(3tpT  I        for    _   -   n, 


f    7T-  f  ~?~* 


is  zero  of  order 


For,-o^^0   contains*--  to  the  power  fit  (3       ,  when  -,  a 

is  Jarpre ,  and  differentiating  we  introduce  the  factor  J- 

X 


once   more.         Finally 


f 


r*/ 


V' 


>*/?> 


is    zero    of   order 


fify'-!  for   X    -  ^  / 

Reasoning  now   precisely    as   upon   equations    10)    and   11),    we   find 


1 


1/        cAt 


is  'everywhere  uniform  and  continuous,  and  therefore  a  constant. 
If  its  value  were  0,  ve  should  have  /p *     &(■<  f""  ft \ 


that  is 


t^^-^tv , 


But 


!=  > 


' <* 


us  to  the  following 


;f~x'-Y 


and   equation   Id )    leads 


<*  ^x- 


^ —  <* 


C^—L*~<? 


w}i  i  ijh   must   hold    for    any   value    of     -C^^S  whatever . 

t  This    can    only    be    the    case  -^  </=■<*      which    is    contrary    to   hypothe- 
sis.  *  *.      -i.       -^     - 

(25) 


T) 

If  now/     and    J    wer^    simultaneously    0    for    any   value    of  X 
other   than  0  ,  ~)c  ,  /,      the  value   of  the    constant 


,«rV/^ 


•  >  c/J 


o* 


i  /^1£f    r  ~Z*  / x 


7 .,-"-/ 


Q-*) 


-+-r'+i 


.would  necessarily  be  zero  ;  hence/"  and  r      cannot  so  vanish. 
"re  therefore  infer  that  — ;   is  a  constant. 

r* 

We  are  tiros  led  to  the  theorem  : 
If  two  P  -  functions  have  the  same  exponents,  the  branches  of 
each  corresponding  to  the  same  exponent  can  differ  only  by  a 


"Trmstant  factor. 
'  ^re  have  then  - 

■Jk   "  p**  f<*  ~      f<3'         Tfr^  fr>  "'J-    J       a  constant 


These  Pore 


and 


1  -e^f^^.ff'ie,  °ic^r 


<• 


ThaJiis,  as  was  previously  observed,  >  definition 

determines  the  P  -  function  to  within  two  arbitrary  constants 


Recurring  to  equations  7)  and  3)  it  may  bo  noticed 

tlia*  the  numerators  differ  from  the  denominators  only  by  con- 

t 
taining  oi   instead  of  c(     .   Thoro  f'oro  it  is  evident  that  to 

(^6) 


increase  or  decrease  /3,v  j  /";  J"    by,  any  integers  whatever, 
cannot  alter  the  values  of  the  ratios.   As  to  y,  v  '  if  one  of 
-  -    be  increased  or  decreased  bv  an  odd,  and  the  other  by  an 
even'  integer ,  the  fraction  will  change  sign,  but    o^^"* 


.'■   .change  sign  at  the  same  time.   If  both  4  and  f    be  in- 

'f; 

cr^^ed   by    odd   or    even    integers,    there   will    be   no    change    of 
K 

si-oy^  Ito  either    factor.      Hence,    to    alter    the    exponents    of   the 
p~-  jfloncti  org.  by    any    integers   whatever,    will    alter   the&ratios. 


't 


Therefore,  if  in  two  P  -  functions,  whose  exponents 
differ  only  by  integers,  ve  assume  the  five  arbitrary  quanti- 
ties  "^."v  j  ^  /  <3'j  K  the  same  in  each,  as  we  may, 


then-,  the  remaining  three  J  ,     v   j'. 
equations  7)  and  8),  will  be  the  same  in  each. 
Galling  -the  two  functions  ?/«?    ®  ^ 


as  determined  by 


«,,(*'.h 


shall   have    from   +he    equations    - 


i         .      -«.    *^ 


14)  "  ,f  /;<'-  r>"=  ...    'I*4-/"^  Vt'rf-'-jr'f') 

For  greater  clearness,  suppose  that  ^  ,  '   -?-*   (  w;- 

t 

■  1  * 

exceed  0/ -/•  -v         :  ^  •?       w{jl>  respectively,    by   positive    i 

'  ■'  '  -J    /       /  /    ? 


(27) 


-.-  . 


integers.   Then  by  considering  the  first,  and  third  numbers  of 


| ' |  ve  conclude  that 


if 


^Vl  ^/f  * 


««(-*« 


.->-  -// 


is  uniform   and   continuous    in    the   regions   of  the   point?  0   and   1; 
an.{?  wfor   ail    finite   values    of   X;       and,    by    considering   the    sec- 
■ondT-7f|£raber ,    we    find   that    it    is    infinite    of   the    order—  x'-^-y-/-,-  l—~fi, 
for    X  —  ~S>.    It    is    therefore    an    entire    function   of  X   of 


Designate    this    function    by    F. 


which  number    is    an    integer 


Now       fa  «  '  T  Q-  {*'+}--  Y  '-  d^ck  '-tfttfi  '+f'tf'-'  Afa'tP  l/J 

Hence,    when    ^.A;    $/(*/  Y,  )  are    altered   by    integers,    the 

sum   of   the    differences    J-Aj  =    '  J    ?-(&,  -  ^' ?  f-~fo~  y 
changes    by    twice    the    sum   of   increments   of  d. ,    3>     and      /    ;        that 
is,'   by    an    even  number.         Put    also 

and   let  /Zi£,A/4.j  A \/  designate    the   absolute   values   of 

and,    to    fix    the    ideas,    suppose    as   before,    that  ^-t ef^.a^A  '    y^v-\' 

exceed    ^,-foC1    ^-t]1   -         '  by   positive    integers^;  "then 

r 

(28) 


"^-W  = 


Henae   we    see    that 


►►     r 


4~4y       =  — 


i  L/3   _.     —    ^-mV^£^l  _^  rL^ 


/-/  - 


•  t       <» 


>/ 


H«*no;e,V"the    degree    of   the    function   F,    is  ~  /- 


Furthermore >    if 

Sfe  ifhr'eo   P-fnnctions ,    whose    exponents   differ   only    by    integers, 

n7  .. 


we  ii^erve,  by  what  preceeds,  that  in  the  identical  equation- 


n?,  >r'-  CO  +ti  r*r'-rM*  tiff"-  ft)  =o  , 

_  4      _^i  ,   _  tit.  .  ?*** 


4  d,  a't 

the    coefficients    of  P    ,    P      ,  and  P^ 


are    entire    functions 


of  X. 


■(>() 


(*') 


But  p^c;  A*  7  %^\^y 

in   the   region   of   the    point   X  ^^  n    :    or-  a  o   i-t — io   more    bi-iefly 

■wr-ittsB- 

hence,    in   the   region   of   the  point    X^=-    ^ 'j 

which   has    evidently    d~t     and    A  -    I    for    exponents. 

c/P  ^P 

In    this   way,    we    see    that    the    exponents    of  P,  ~^f~y    and    ~j~~7~£_ 

differ    only   by    integers    ;    hence 


(29) 


An  identical  relation  in  which  the  coefficients  are  ration- 
al functions  of  X,  exists  between  any  P-function  and  its  first 
and  second  differential  coefficients.   In  other  words,  the 
P-ftmction  satisfies  a  linear  differential  equation  of  the 
second  order. 


PART//.,   The  Differential  Equation  satisfied  by  the 
P-function. 
Section  1.   The  properties  of  the  P-function  stated  as 
properties  of  an  integral. 

1.    P  is  a  regular  integral  of  its  differential  equation. 
This  results  from  the  fact  that  <^  being  any  one  of  the  sing- 
ular points  of  P,  it  has  in  the  region  of         the  form 

-x-rryJ  Of 'J 

and        being  neither  zero  nor  infinite  for  X-^-£ 

and  this  is  by  definition  the  characteristic  of  a  regular  in- 
tegral. 

'A.      The  quantities  -T/ <*  /         and  f,  f   are  the  roots  of 
the  indicial  eqiiations  in  the  regions  of  the  points  & t      4, 
and  C     respectively.   For,  these  roots  are  the  negative  expo- 
nents of  the  factors  by  which  the  integrals  in  the  regions  of 
those  points  must  be  multiplied  to  make  them  uniform,  finite, 


(30) 


and  continuous,  and  not  zero  at  the  points  ;  and  this  is  the 
property  of  the  exponents  4 1  of  in  the  region  of  V  -=^  <2-'  <■ 
in  the  region  of  3  and  Y,  f*      in  *.he  region  of  C<  , 

3.  -  The  points  a,  b,  and  c,  are  critical  points  of  the  coef- 
ficients of  the  equation^  ;  because  only  the  critical  points 
of  the  coefficients,  can  be  branch  points  of  the  integrals  ; 
and  because  the  coefficients  are  rational,  these  critical  points 
must  be  poles. 

Also,  it  is  possible  to  determine  a  differential  equa- 
tion, whose  coefficients  have  no  other  critical  points  than  a, 
b,c,  of  which  the  P-function  is  the  general  integral.    Hence, 

any  other  equation  having  coefficients  with  m&f*e   critical 

^  /L 
points,  and  P  for  an  integral,  will  not  be  irreducible. 

4.  -  Since  none  of  the  differences  4  ->  < ',   P>  ~    ?  j    T 
is  an  integral,  the  integral  P  is  free  from  logarithms. 
The  familiar  properties  of  the  regular,  linear  differential 


equation  here  utilized,  will  be  found  stated  in  % /ua~<  ? ■■'■> 

Section  <$.   Theorem. 

The  indicial  equation  corresponding  to  any  polo  of  the 
coefficients  of  a  linear  differential  equation  of  the  second 
order,  with  regular  integrals,  is  not  altered  when  the  posi- 

(.31) 


tion  of  the  polo  is  changed,  by  a  linear  transformation  of  the 
tion  in  question. 


r-AY 


c> 


be  the  e  qua- 


Put  ting   \ 


^*'- — e. 


and  making  the  necessary  com- 


putations, we  find 


J*' 


s 


Since  the  integrals  are  regular,  we  notice  that 


2.   ^A 


<   / 


and 


Hence,  equation  1)  becomes 


^  c^lTr  '  9* -*■>*  '&=&/ 


a 


j 


£*tc£^"        A—  i^- 


(3a) 


2) 


X 


qfifatgg  3S~- 


If  now  fx-<xl />  -    g  and  (X-co)  Jf    ~   #  when   X 

the   indicial   equation    for   the   point  _a_  is 


~<% 


Calling C   and   ^  the  coefficients  of  ki),  we  must  find  the 
0,               Ok 

valnes  of  (/-cc{J?  and  ^V-^/  ^z_       when  x'  =5.  a'  ,* 

since  _aj  is  the  new  pole,  and  x'  ^:  _a'  when  x_~_a. 
Wo  have  y   -? 


B^t 


/ 


a  —  -±  -=. 


1+ 


/-/. 


£/  ^  * 


/A^ 


^r 


"'-^7* 


(33) 


when  x1  is.  a'  .   Kence  the  new  indie ial  equation  is  the  same  as 
the  old  one. 

- *>* /      .  *„/ 

Section  3.  -  The  transformation  X  — 
When  x  =r  a,   x'  —=  _ £   =  <£- 


"^^pf+Z* 


j£  4*  -if        /< 
x^c,  x'_  -€£^^^/ 


•  a  —  > ' 


Hence,  the  poles  are  merely  changed  in  position  by  this  trans- 
formation, and  by  assigning  suitable  values  to  the  constants, 
we  may  place  them  at  pleasure  in  the  plane. 


1.   If„  f  =-— ^£- 


&C£>-CL)^fCC-4J§rr-    f   ~  ^ry 


then    &   —  ^.  ^  -  ->>  &   '■=,  /    {2^2" 
>  __   .£.  (*  -  *J 


(34) 


/ 


2.   Taking  ^-^  /   those  results  .ire  simplified 


=.  -  -C 
1/ 


*>'-     / 


jrres- 


^—  6   f    v  —  -&)<•>    — 
-X    —     J.-  £c  x  -  v 

Thus,    by    this    transformation,    without    changing  the    indicial 
equations,    and  therefore  without   changong   the    exponents <*fi'$f%Mj 
ve   may   place   the    branch   points   of  the   integral   P   at    6, 7^  and  1 
Any    one    of   the    branch   points    0,  yc  and   1,    may  be   made    to   co 
pond   to    ally    pair   of   exponents     \    rf    >  fi  fj1'    \'t  k' 
For    the   possible    arrangements    are 

xl  o  ,    />  ^ 

?J  /  >~?  >    ° 
//  )£>  ;,  ^ 

h'J 'To    O    ,      I 


For   2)    we   must    take       e„,      V      _   ^     ^-cc^zj*   /,   #c  +  1?~£ 


"=V  ?  <  /-  ~  ^%C4-  ej\  ?  ^  ji-7    ',  JLa-& 


(35) 


For   3) 


a  -r 


^    —  cfsc  -f  -& 


4  -f  7C  —  & 


For   4) 


2    -  C, 


j 


6 


-d% 


r 


f 


4  -t   r--^° 


For    d  ) 


For    6) 


*£-T%    -J 


-    «i> 


**V 


/ 


z^    <^> 


^•r 


/7 


/"" 


^>c-t-  l£ 


/*  1       (J 


£/ 

£— 


X^ 


f*.  +  * ^ <?    ^v/  ^^  ^  ^ 


■4  —  & 


e-&  Jt  ^c 


*- e^ fa-*/ ';    <?~  ~—  ;^;    -<r  }  : 


X7^ 


Q-4- 


(-T.^\ 


These   variables    satisfy    the    following   equations;- 
A  X" 

irr_  _/__ 

A  —      x./ 

V2ZT   _       _/ 

A  —       xtt- 

X    x     =  —  x 
A-/  - 


■r.ce    ; 


X  ^^  V 
x7^      -L- 

A     -  !-*' 


x' 


~  /  -x' 

Thus  all  of  them  may  be  unambiguously  expressed  in  terms  of  A 

and  ve  may  obtain  the  six  forms  of  P  mentioned  in  section  3, Parti, 

Section  4.  -  Effect  upon  the  indicial  equation  when  the 
integral  is  multiplied  by  a  factor  of  the  form  ix-^'fr-irfy-aj^ 


Let  the  differential  equation  be 


1]       ^K 


where    only    the   pole   x  —   a   is   brought    into    evidencev   and   let 
J        be    an    integral    in    th-e   region    of   the    point  -a-.       Tiie    correafr- 

(37) 


^ponding    indicial    equation    is 


If  ei  and     ^ '    ar  roots,    then 


<<<'—  y-,^yl 


If  now    the    equation    satisfied  by 


IV- ^      \x-y)'r\x-cr 


2) 


iA- 


IS 


r 


■ ; —     1-     a-      ~*      ~      s; 


■  r  r  9 

and   if        (X--    "'tv-         \  V  -e,       jr  ^  ?/-? 


then 


c  V  xj--  -<£-  I  -jz- 


+^7*  **->  I 


■f-A  °r 


r> 


dz- 


** i gz* '*.*cx- 9/l+  ^~cjl/-* m  \\ - 


n      ,  r       f       r  \ 


«C  X-   7  \  ~C / 


awd 


r 


p 

-J? 


K-C. 


-jthns    equation    (2)    becomes    after    dividing   out    the    factor  "Jfc,  "T, 

-/-^  (  fer"*-  /  *i=£/-cx^7*  *^i>~j&c)**j.  zztt*xzM' 


d*  *■      ^> 


.4 


This    can   be   no   other    than    the    equation 


4^  -/ 


(38) 


and  therefore  identifying  the  coefficients, 

3  y 


X* 


^> 


A 


That  is 


A 


/ 


Ji 


-  7, 


Hence,  a,,  is  a  pole  of  the  same  degree  of  multiplicity  for 
the  new  coefficients,  as  for-  the  old.   To  form  the  indicial 


equation,  ve  calculate  $""*/#,     and  \-uJ    j 


f  o  r    X  s.  a 


and   the    equation    is 

If  the    roots    of   this   be    (J"    aric*     <3~}  then 

/ 

/  r  r      r  * 

Hence, 


(39) 


Whence,  we  conclude  that 

<f  '  —  *   'f 


Therefore ito  multiply  the  integral  of 


equation  1)  by  tne 


factor 


O 


\-*j%  Cv-i)^cx-&)& 


increases   the   roots   of  the    indicial    equation   corresponding   to 
each  pole,    by    the    exponent   of   the    corresponding   factor    ;    but 
leaves    their   difference  -unchanged. 

Suppose    the   point    infinity    is    a   singular   point    of   the    integral 
of   equation   1:-    -the    other    singular   points   being   a   and   b, 
If  we   multiply       ~\T     ,    the    integral,    by  fa-eij  {*- ?J '       the   roots 
of  the    indicial   equations    at    a   and  b     will   be    increased  by 
&t   &^J    ^2.  respectively,    as   w  e  iiave    seen,    and   the    trans- 

formed  equation   3)    becomes 


dh 


<u  r  f 


^x  L      c/s 


s 


Hi 


In  equation  1)  let  us  make  the  transformation 


Whence 


*~-b 


-r      x  - 

ft    a<^9 


X 


(40| 


and  equation  1)  becomes 


c*  " 


/- 


^r-rrt** 


Of  this  equation,  X'  2S  0,  must  bo  a  pole,  by  hypothesis,  and 


the  corresponding  indicial  equation  is,  ifT 


1  _   <£*!.* 


4 

y  3.  m 


A 


rC  K'        0        Y>f 
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Transforming  2)  by  the  substitution  \^_     — ,   it  becomes 
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Hence , 


Tter^r^he  indicial  equation  corresponding  to  the  point  \~=-0    is 
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Calling  the  roots  of  equation  8)  <5""and   ^Twe  find 

trer   -  yd  r  ,  f.  t  fl) \  \  -  fa>j)  T  L  'fit  Jl)  z 

Again,  if  the  roots  of  equation  6)  are    e\,  and  <\ 

i 
*«'      -  W'ca). 

Therefore,  when  the  singular  points  of  the  integral,  are  a,  b, 

r     r 

~7*°  ,    to   multiply   the    integral   by    the    factor   ^X  —  <*/     „X- v/ 
diminishes    the   roots    of  the    indicial    equation   for   the   pointy? 
bye/?  Jv     anc*   leaves    their   difference  unchanged. 


Whence 
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In  order  that  neither  coefficient  become  infinite  for  X'^zO 
we  must  have 

Hence  <^Jv  equation  1)  reduces  to 


6) 


-f 


HZ*1  +  ***'     <&r    w.    /fr^_l^^    *  _ 


(j 


x 


~«yc*-  Wx  -*)     ~XZ      oc-ccj *&  -^A'x  -  v z  / 


Which  may  be  written 
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where      <*>        >  «/; are   n£w    constants. 

The    indicial    equations    at    the   points,   _a,    b,  _c,    are 
respectively, 


r  ■+  rCx-i) 


<tf 


c 


--^  -c 


-3-     ^ 


=_      ^ 


x    -t-rOy-t)   -t    p^ZjlpZb) 


and  by  hypothesis,  their  roots  are   A',  V  »  (? ,  (d  ,'    y",  / ', 
respectively.   Therefore, 
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Section  5.    Determination  of  the  coefficients  of  the  dif- 

^  at'    8  Y  J 


ferential  equation  satisfied  by  *P  -, f     ^ 

el' 


From  the  general  theory  of  linear  differential  equa- 
tions, since  the  integral  P  is  regular  and  has  three  singular 
points,  the  coefficients  of  the  equation  must  conform  to  the 
following  conditions  : 

1.  The  coefficient  of  -r^  will  be  a  rational  fraction 
whose  numerator  cannot  bo  of  a  degree  exceeding  3-1,  three 
being  the  number  of  poles;  and  the  denominator  is (\-<z}L*-'>hs -&). 

2.  The  numerator  of  tine  coefficient  of  y  cannot  be  of 
higher  degree  than  2(5-1)  ~  4 ;  and  the  denominator  is  (x-qffcx-JJty-c)  * 

3.  The  constants  of  the  coefficients  must  be  so  related 
that  after  effecting  the  transformation  V—  ~ /  ?  the  point  X;A 
shall  not  be  a  singular  point  for  the  equation;  otherwise  ;:-=_>> 
would  be  a  singular  point  for  the  original  equation,  contrary 
to  hypothesis. 
In  conformirt^  with  these  conditions,  we  may  assume  the  equa- 
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Making  the  transformation   JC—^/  7  this  becomes 
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If  &   —  /  ,  ^*—  &       the£g_  values  become 
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and  equation  4)  takes  the  form 
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Let  us  now  transform  5)  by  the  subs titut ion 

A''  -=  _£Q-M . 

Such    that   when  \ -=- 1      x  '=-  / 
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Introducing  these  values,  equation  5)  becomes 
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&*«  JHbtr  acting   th£$    quantity    from  £>■' '&-  0 '2        ive   get 

A, 


Now   dft  M  -a.  ■*.-/!/ 
and  //+X-   *-   < 

remembering  that  oi-td'-t  @ -tfe'-ty-tf  =- /  * 

Hence  the  expression  6)  breaks  np  into  the  factors 

Again,  noting  that 


t       t 


-  -«4'pJ7T4j^-1P'i  -7---  rr 


1    6 


And  observing  that  the  factor 
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to    every    term   of    the    equation,    we   obtain 
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or,    finally, 
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If  we  had  chosen  4.  -  O.   ?  -O^,    C  -z.  /    the  equation  won  id 


have   been  t 
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Section  6.    ^  -  ^  ^  '—  £  p  ^-r/8  t  ftf'- 
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To  this  case  we  may  reduce  that  of  one  difference—  /, 

A,' 

Substituting  these  values  in  the  differential  equation,  it 
becomes  : 
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Jha*  ia 
Effecting  the  trans  format  ion  "Z -=-    ~,  in  <5 )  we  obtain 
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which  shows  that   U   —  °         is  a  pole  of  mult iplicity  1  for 
the  first,  and  2   for  the  second  coefficient.   The  poles  of  £ 
are  consequently  -f-/;~  /    &**■*     ~ >°    and  th-e  corresponding 
indicial  equations  are  respectively 

4)  qt  %■  -r  { o>T0-i)i-rr  '-  D 

5 )  r  ^~-t-  T  C&  -r  a '-  i  )  -t  r  r '  -  J 

6)  r  "*"-?■  o-^-  a/3-  *(*')-+■  *i  @@'~° 

B-'it ,  remembering  that 
these  equations  reduce  to 


9) 
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of  which  the  roots  are  respectively 

nr'i  r,  r'o  *  <£,  *-£'. 

That  is .by  the  transformation   V  -=,  x     the  equation  sat- 
isfied by  /  (  /-  /j'  /'  ^  /   becomes  an  equation  satisfied  by 

'l  y'  -2-/3  f '  %  J     ,,;llich  is  a  result  obtained  in 
PART  1.   Section  5. 


In  equation  10)  Section  5.,  let  us  make  &  =.  (3  ~ y '— 
d  d.  =-(2  =-  V  while  f  ■=-    /  \    've  thus  obtain 
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The  general  integral  of  this  equation  is 


where  c  and  c'  arc  constants.   Hence,  we  conclude  with  /2^e  — 
jxascsi*^    that    i    y.  _  y   J     xj-=.(2x-t&t 

Section  7.      Spherical  Harmonics  expressed  as  P-functions. 


In   eqi.iati.on  2)    Section   6,    the    quantities  fd  ft  >  T,  f 
connected  by    the   relational?  f  ft  ~t  y~  t  }r    ~-   -, 


are 
•  '  t  ' 

If  we  make 


y ;—      c>  1)    becomes    /o    .  -,  /      ..  _    .> 

a   relation  which    is    identically    satisfied   by    the  values 

(49) 


These  values  reduce  Equation  2)  of  Section  t3.  to 

which  is  the  differential  equation  satisfied  by  the  zonal 

spherical  harmonics,  if  we  apply  that  name  to  the  function 

-2—  ''■2.  *-—  /  J  ^ 
J<%^    "  /  J&rdaW^Cours  d'  Analyse ,  Vol  1,  p.  51. 

Hence  the  P-function     PJ^  **?/  o      Z  7 

^   O     —   K-  O  J 


represents  the  zonal  harmonic  of  order  n.   (See  Ferrers, 
Spherical  Harmonics,  p.  l'<4.  ) 

Section  8.   The  Jferoidal  functions  expressed  as  P- 


functions.  cr  In  equation  2)    of  Sec.  t>,  let  us  make 


Then  shall      /*=.  —  f  ' s=.  ■£- 
And  from  the  relatii?^  ^       a!  . 
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we  find  fi-+  ft'  —  k 

Assuming  also         3  __  .3  '  -=_  -^ 
we  get  -t  @  {3    =1  -  -yt   t-  — 

and  also,   /ft^^/J  '=-  2 
Substituting  these  values  in  t3j&"  equation  id)  it  becomes, 
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which   is  the    differential    equation   satisfied   by    the^broidal 


functions.   (Basset  Hydrodynamics,  Vol  .<£j>.aa.  ) 

J  11 

Observing   that  B  —  ■—-  +  —,  J$ '—  —  —  ->    we    see    that    the 
'  a  -  4     '  4        2, 


P- function 


represents  the ^^roidal  Functions. 

In  equation  1)  making  m~   o,  whioh  corresponds  to 
>•- —  ^ '-  <y   we  get  the  equation  for  zonal  toroidal  functions, 
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which  lias    for    its    integral    the   P-function 

/™  /    ^y^  — —  /    / 

L    o      J.  -  *t  ^    -J 


Section  9.   Bossel's  Equation. 
Tn  Eq.  10)  of  Section  6,  let  t7S  make  the  substitution 

(i)  *  =  r  c 

then  shall 
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And  the  equation  becomes 
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Let  nov/,  £.tend  toward,  zero,  and  §  W    toward  infinity 
in  such  a  manner  that  the  product  £  (b  (b     shall  be  constantly 
equal  to  1.   That  is,    fe @    —  jL 

and  also  let     <j  cs   —  —  t^2"  .     a  constant 
These  together  with 


enable  us  to  determine  the  six  exponents;  thus  we  find 
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and  Eq.    a)    becomes 


which  is  Bessel's  equation. 


We  conclude  therefore,  that,  the  limiting  value  of 

/ 
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when  F~/^)is  the  Bessel's  function^*  (z). 

Section    10.       Tiie   P-function    expressed   as    a  hypergeo- 
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metric  series. 


P!q.  10)  of  section  6)  is 
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In  the  region  of  the  point  X  -  o  the  indicial  equa- 

tion  is  2)   *»£ r  f  l  -1  1 '  1  )    fl-H 

of  which  the  roots  are  (c^  and  ${ .   Knowing  tliat  the  integral 
does  not  contain  logarithms,  we  may  assert,  that-  in  the  re- 
gion of  the  point  o,  Eq.l)  will  be  satisfied  by  a  convergent 

series  of  the  form  X  (C^f  Q,  X  •+■  Q^X  + *~cu.X    -+ ) 

Before  substituting  this  series  in  Eq.l)  it  will  be  convenient 
to  transform  the  equation  as  follows  -  Put  d^.— >  6v  ~  A 
(d-P'*-/*-*   IT"?'—  ^7 .  and,  keeping  X/->  ^ 

constant,  let  us  determine  <y,  /?,  k~  so  that  the  following  condi- 
tions may  be  satisfied  : 

ei  c>\   '.=.  <?  f       y  y  '=.  C>  , 

Consistently  with  these  conditions  we  make 
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With  these  values,  Eq.  1)  becomes 
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Since  the  numerator  of  the  last  coefficient  becomes  divi- 
sible by  ^Ci^-f). 

For  the  point  x—  o,  the  indie ial  equation  is  now  : 

(5 )        r  -  rX    ^  ^ 

of  which  the  roots  are  0   and  A  .   Hence  the  integrals  in  the 
region  of  the  point  x  3£  o  are  of  the  form 

■\      (    C  t  (?,  K  -t   c  -z,  V  -t   <-  '  -  «■  <-  /     ^^-  <" 

Substituting  the  second  series,  we  find  by  equating 
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this  relation  becomes   ^ 
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and  the    integral    is,    by  making   (£.  =~  1 , 
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■p  (a,b,c,x)  denotes  the  hypergeometric  series. 


where 
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Likewise  by  substituting  the  first  series,  we  find 
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wherein,    if  /  _^.  ^_  ,/■  -r  "- 


we  obtain  the  relation 
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Hence,    the    second    integral    in    the   region   of    the   point 


x  —   o    is 
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we  conclude  finally,  that,  in  the _region  of  the  point  0, 
where  ©•,  and  £L  are  arbitrary  constants. 
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